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1 See, for example: Bernholtz et al. (2002) for mec
(2001) and McClain et al. (2007) for electrical properti
(2001) and Cola et al. (2007) for thermal properties.
2 As opposed to simple geometries, such as brushes
2004), or bundles (Liu et al., 2005).
3 Cao et al. (2005), Zbib et al. (2008), Hutchens et ala b s t r a c t
Carbon nanotubes (CNT), grown on a substrate, form a turf – a complex structure of intertwined, mostly
nominally vertical tubes, cross-linked by adhesive contact and few bracing tubes. The turfs are compliant
and good thermal and electrical conductors. In this paper, we consider the micromechanical analysis of
the turf deformation reported earlier, and develop a phenomenological constitutive model of the turf. We
benchmark the developed model using a ﬁnite element implementation and compare the model predic-
tions to the results two different nanoindentation tests.
The model includes: nonlinear elastic deformation, small Kelvin–Voigt type relaxation, caused by the
thermally activated sliding of contacts, and adhesive contact between the turf and the indenter. The
pre-existing (locked-in) strain energy of bent nanotubes produces a high initial tangent modulus, fol-
lowed by an order of magnitude decrease in the tangent modulus with increasing deformation. The
strong adhesion between the turf and indenter tip is due to the van der Waals interactions.
The ﬁnite element simulations capture the results from the nanoindentation experiments, including
the loading, unloading, viscoelastic relaxation during hold, and adhesive pull-off.
 2013 Elsevier Ltd. All rights reserved.1. Introduction
Since their discovery (Ijima, 1992) the properties of individual
carbon nanotubes (CNTs) have been studied extensively1, and are
now well understood. The collective behavior of CNTs arranged in
complex structures2, turfs, is of interest in practical applications,
such as nanoscale sensors and thermal switches (Christensen et al.,
2003; Xu and Fisher, 2006) or adhesive gecko tapes (Ge et al., 2007).
Turf is a complex network of intertwined CNTs (Fig. 1). Their
microstructure is the result of the growth process from the sub-
strate (McCarter et al., 2006), during which the interplay of elastic
bending energy and adhesive energy produces a local energy min-
imum in the conﬁgurational space (Mesarovic et al., 2007).
Given the growth method, the following question arises: Is the
CNT turf a material, describable by a standard mathematical appa-
ratus of continuum mechanics with effective properties, or – is it a
structure, in which case a continuum model is not relevant? More-
over, the uniform compression experiments3 reveal a curious type
of nonlocal behavior – collective reorientation and buckling of a
layer. The curious aspect of this behavior is that the nonlocalityll rights reserved.
esarovic).
hanical properties; Kim et al.
es; and Osman and Srivastava
(Qi et al., 2003; Waters et al.,
. (2010).occurs under uniform loading (Zbib et al., 2008), but not under
non-uniform loading such as nanoindentation, as we have shown
in previous experimental works4. It has been suggested (Cao et al.,
2005; Hutchens et al., 2010) that such behavior is the result of either
non-homogenous properties of a material, or a structure-like behav-
ior, not describable by continuum mechanics.
Our group has recently reported new experimental results de-
signed speciﬁcally to answer the above questions (Qiu et al.,
2011a). The turf is indeed a material, with negligible variation in
local mechanical properties. Moreover, our uniform compression
experiments (Zbib et al., 2008) produced a critical buckling stress
independent of the turf width, indicating that collective reorienta-
tion and buckling of the boundary layer is the result of boundary
conditions and intrinsic length scale, probably associated with
the CNT wavelengths in initial conﬁguration5.
In the present communication, we concentrate on the behavior
under localized loading, speciﬁcally nanoindentation, where the
turf behaves as simple continuum. It exhibits reversible viscoelas-
tic behavior even at large strains (McCarter et al., 2006; Qiu et al.,
2011a,b). The analysis is complicated by the strong adhesion be-
tween the turf and the indenter. We propose a phenomenological
model of the CNT turf, based on earlier micromechanical analysis4 McCarter et al. (2006), Mesarovic et al. (2007), Qiu et al. (2011a).
5 Hutchens et al. (2011) recently proposed a strain-softening constitutive model,
here the buckling wavelength is related to the size of the computational cell. Our
eso-scale studies (Torabi et al., 2013) demonstrate the intrinsic length scale related
the initial average curvature of CNTs.w
m
to
Fig. 1. SEM images of the carbon nanotube turf: (a) corner view, (b) detail.
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from nanoindentation experiments. The turf is modeled as a non-
linear elastic continuum with viscous relaxation. An effective con-
tact law is implemented to simulate the adhesion between the turf
and the indenter.
The paper is organized as follows. In Section 2, we brieﬂy de-
scribe the structure of the turf, experimental observations, and
the micromechanical model. In Section 3, we describe the constitu-
tive model of the turf. This is followed by the description of the ﬁ-
nite element formulation in Section 4. The computational results
and comparison between the model and experiments is presented
in Section 5.
2. Structure and micromechanics of a CNT turf
As shown in Fig. 1(b), for most CNTs, their end-to-end line is
close to vertical, but the segments are curved, and some have in-
clined or even horizontal end-to-end lines. The contacts between
adjacent tubes are van der Waals bonded (Ajayan and Banhart,
2004). CNTs have high surface energy in air and low interface en-
ergy between in mutual contact, so the system tends to lower its
energy through contact. Thus, the total energy of the assembly, E,
is given as
E ¼ U  C; ð1Þ
where U is the total elastic bending energy of CNTs, while C is the
contact (adhesive) energy, deﬁned as the difference between the to-
tal interface and surface energy of the assembly, and the surface en-
ergy of an imaginary contact-free assembly. As the conﬁgurational
space is very large, many energy minima are expected. However,
the experimentally observed mechanical reversibility (McCarter et
al., 2006) indicates broad convex regions around the minima, so
that – after moderate strains – the structure returns to its initial
state. Nominally, the absolute energy minimum is achieved when
the structure collapses laterally, i.e., with all tubes straight and in
full contact (Liu et al., 2005). During initial stages of growth, the col-
lapse is prevented by the substrate constraint. As the turf grows, the
inclined and horizontal segments prevent the lateral collapse.
The earlier experiments (McCarter et al., 2006) using a Hysitron
Triboscope with a blunt Berkovich tip, lead to the following conclu-
sions (cf. Fig. 5):
(a) For moderately large strains the deformation is fully
reversible.
(b) The turf exhibits time dependent relaxation. The mechanism
suggested earlier (Mesarovic et al., 2007) is the thermally
activated sliding and rearrangements of CNT contacts.
Recent spring–mass models6 indicate that dynamic events6 Yang et al. (2011), Yang et al. (2012a,b), Fraternali et al. (2011), Blesgen et al
(2012)..following local instabilities may be responsible for viscous
dissipation.
(c) The load – indentation depth curve for the initial spherical
portion of the indentation is almost linear, superﬁcially sim-
ilar to the behavior of an elastic  ideally plastic solid (Mes-
arovic and Fleck, 1999).
(d) The net tensile load required to pull-off the indenter from
the turf during the retraction phase demonstrates adhesion
of the turf with the indenter.
Mesarovic et al. (2007) have shown that the mechanism of
deformation in the turf is easily understood by means of a simple
micromechanical model of a free CNT segment with an initial cur-
vature and contact patches at both the ends. Extended to the
behavior of an assembly of such segments, the model implies a
high initial tangent modulus followed by a rapid decrease in tan-
gent modulus with increasing strain (hence the almost linear
indentation loading curve). This prediction has been tested in the
continuous stiffness indentation tests (Oliver and Pharr, 1992).
The results, reported by McCarter et al. (2006), are consistent with
the micromechanical model.
3. Constitutive model
The experimental measurements of the tangent modulus of CNT
turfs (Fig. 2(a), McCarter et al., 2006) are consistent with the super-
compressible foam behavior (Cao et al., 2005; Hutchens et al.,
2010). The initially high tangent modulus drops by an order of
magnitude with increasing strain. Using these observations, we
represent the turf as isotropic compressible elastomeric hyperfoam
material with a Kelvin–Voigt relaxation component. In the hyper-
foam model (Storakers, 1986), the strain energy density U is ex-
pressed as the sum of non-integer powers of principal stretches,









Here, a and b are material parameters. The parameter b determines
the degree of compressibility of the material and is related to the
Poisson’s ratio by
m ¼ b
1þ 2b : ð3Þ
From (2) the nominal stresses, conjugate to the principal stretches




ðkaj  JabÞ; j ¼ 1;2;3: ð4Þ
Fig. 2. (a) Tangent modulus of the turf as function of indentation depth using the
continuous nanoindentation experiments measured at different locations on the
CNT turf (Mesarovic et al., 2007). (b) Determination of the characteristic relaxation
time of the turf using a curve ﬁt between (8) and the experimental indenter force at
constant indentation depth.
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shear l0 and the bulk modulus K0:





Difﬁculties in measuring lateral deformation at nanoscale leave us
without accurate value for the Poisson’s ratio7. However, our com-
putations indicate that the results are insensitive to this value. The






The time dependent relaxation seen in the nanoindentation
experiments is due to thermal sliding of contacts between the
tubes. The time dependent relaxation is incorporated by assuming
that the instantaneous shear modulus l(t), varies as
lðtÞ ¼ l1 þ ðl0  l1Þet=s; ð7Þ
where l0 is the initial shear modulus, s is the characteristic relaxa-
tion time, and l1 is the relaxed shear modulus. Using the results
from the controlled-depth indentation experiments, shown in
Fig. 2(b), at constant indentation depth, the resultant load relaxes as
PðtÞ ¼ P1 þ ðP0  P1Þet=s; ð8Þ7 We are currently conducting computational studies using the meso-scale model,
which are expected to give the value of the Poisson ratio.where P0 is the initial load and P1 is the load when t?1. To obtain
the relaxation time s from experiments, we use the ﬁt to the exper-
imental force–time curve (Fig. 2(b)). The coefﬁcients in (8) are ob-
tained using the Newton–Raphson technique to minimize the
error between (8) and the experimental curve.
The characteristic relaxation times during loading and unload-
ing are the same: approximately 2.3 s. With the exception of the
initial portion of the relaxation time (<0.25 s), a good agreement
with the experimental relaxation curve can be obtained with a sin-
gle term in the Kelvin–Voigt model (Fig. 2(b)). To complete the
speciﬁcation of the Kelvin–Voigt model, we specify the relative loss
of shear modulus upon relaxation:
l ¼ l0  l1
l0
: ð9Þ
By comparing the magnitude of relaxation in the FE results with the
relaxation in constant load and constant depth portions of experi-
ments, we estimate l  0:35.4. Finite element model
We use the commercial ﬁnite element software ABAQUS (2006)
and its user subroutine UNITER to deﬁne the interaction law be-
tween the turf and Berkovich nanoindenter. To obtain an econom-
ical 2D problem and retain the high accuracy of contact forces, we
approximate the Berkovich three-sided pyramid with the equiva-
lent conus, such that the cross-sectional areas of the Berkovich in-
denter and the rotationally symmetric conical indenter are the
same at any distance from the apex of the indenter. This requires
the conus with half-angle of 70.3.
The FE analysis of the nanoindentation experiments on the CNT
turf was performed using a rotationally symmetric mesh with lin-
ear triangular elements. A variable density mesh, shown in
Fig. 3(a), was used. The dense mesh close to the contact was re-
quired to capture the surface tractions accurately. In additional
to linear elements, we have performed test runs with the identical
mesh of quadratic triangular elements, modiﬁed to support con-
stant face pressure, to ensure accuracy and mesh convergence. To
avoid the inﬂuence of outer boundary conditions, the size of the
domain was greater than ten times the largest contact radius (Mes-
arovic and Fleck, 1999). The indenter tip was modeled as a rigid
surface with the interactive forces between the turf and the
indenter.
To ensure the validity of the model under different experimen-
tal conditions, we consider two different nanoindentation setups:
(a) The load-controlled experiment (Hysitron triboscope) with a
blunt tip. The blunt section of the indenter is represented by
a spherical section with a radius of curvature of 1.8 lm up to
a depth of 150 nm. For numerical stability, the transition
between the spherical and conical portions of the indenter
is smoothed using a ﬁllet with a large radius of curvature.
(b) The depth-controlled experiment (Hysitron triboindenter)
with a sharp tip. The indenter with a sharp tip is modeled
wholly with the equivalent conus.
The adhesive contact between the diamond Berkovich tip and
the CNT turf is the result of van der Waals interactions. The inter-
action between CNT walls is usually modeled using the Lennard–










where p is the contact pressure, c is the surface energy, and r0 is the
equilibrium inter-atomic spacing (0.34 nm). However, the contact
Fig. 3. (a) Axially symmetric ﬁnite element mesh with the Berkovich indenter tip represented as a rigid surface. (b) Detail of the mesh at the surface of the turf, showing the
rounded tip of the blunt indenter.
Fig. 4. Contact law used to model the van der Waals forces between the turf and the
indenter. The original curve (10) is modiﬁed to include the effects of thermal
vibrations of nanotubes.
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cannot be directly used for modeling the interacting between the
turf and the indenter tip. The segments of CNTs at the surface are
subject to thermal oscillations, resulting in an increased effective
range of interactions. TEM observations by Treacy et al. (1996) on
the vibration amplitude of CNTs as function of temperature conﬁrm
their thermal origin. The root mean square of the vibration ampli-
tude of a CNT supported at one end was computed as
u2  0:1061kT‘3=EI; ð11Þ
where ‘ is the free standing length (7 lm), k is the Boltzmann con-
stant, T is the absolute temperature, and EI is the bending stiffness
of a nanotube. To calculate the bending stiffness of the multiwall
nanotube we assume the elastic modulus as 0.4 TPa with tube inner
and outer radii as 20 and 17.3 nm respectively.
Using (11), the displacement of a typical CNT at the surface of
the turf is computed as 4.64 nm and this value is taken to represent
the range of interactions, rint (Fig. 4). The value rint is derived as the
abscissa intercept of the tangent to the zero curvature point. The
modiﬁed force law (10) is ﬂattened with a reduced maximum ten-
sile traction but with the same surface energy as the original curve
(Fig. 4). During the initial approach of the indenter, an unstable
jump-to-contact occurs, as expected. The numerical solution for
the unstable jump-to-contact and unstable pull-off requires either
the arc-length algorithm, or a formulation which includes an arti-
ﬁcial viscous damping term in addition to the contact tractions
computed in (10). The viscous damping contact algorithm was
thoroughly tested and is described in Radhakrishnan and Mesaro-
vic (2009). The accuracy of the solution is ensured by checking that
the ratio between the energy dissipated by viscous damping and
the strain energy is always negligible (<0.01). A ﬁne mesh with ele-
ment size comparable to r0 is required to accurately model the sur-
face tractions between the indenter and the turf at the periphery of
contact.
5. Results
To deﬁne the behavior of the turf, the values of the initial shear
modulus l0, a and the relaxation properties s and l are speciﬁed.
From Fig. 2(a), it is observed that the initial tangent modulus of the
turf varies between 0.6 and 0.2 GPa thereby giving an estimate of
the initial shear modulus. In all the measurements, the ratio of
the initial tangent modulus to the one at moderate strains is about
10. Suitable values of a are used in the FE analysis to ensure that
this ratio is consistent with this observation. The appropriatevalues l0 and a are determined by ﬁtting the FE results with the
initial load-depth curves from experiments (segments a-b in Figs.
5 and 6(a)). The characteristic relaxation time s is calculated in
Fig. 2(b) as 2.3 s. The value of l is determined from the relaxation
behavior of the turf by ﬁtting the magnitude of relaxation from the
FE results with the constant load and constant depth portions in
experiments (segments b-c and d-e in Figs. 5 and 6(a)).
The loading mechanism of the Hysitron Triboscope is de-
scribed McCarter et al. (2006) and its schematic is illustrated in
Fig. 5(c), with Fig. 5(b) showing the loading history used in exper-
iments. A Hysitron triboscope was used for the load-controlled
experiments and the Hysitron Triboindenter for the depth-
controlled experiments. The indenter mechanism in both cases
was replicated in the ﬁnite element model using spring elements.
Net repulsive forces between the indenter and the turf are shown
as positive.
As in the experiments, we discard the initial jump-to-contact
portion in the numerical results and the measurements start when
there zero net force between the turf and the indenter. The best ﬁt
with experimental data was obtained with the initial shear modu-
lus l0 = 230 MPa, and a = 18.8. The ﬁt between computational and
experimental results in Fig. 5(a) is satisfactory, including the
Fig. 5. (a) Comparison between FE results and load-controlled nanoindentation experiments (McCarter et al., 2006). (b) Loading history. (c) The loading mechanism of the
Hysitron Triboscope. Note that the force P is controlled, not the actual contact force Q.
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The differences between the experiments and the model during
unloading can be attributed to the differences between the equiv-
alent cone and the blunt Berkovich indenter.
In the second experimental setup, a sharp Berkovich tip was
used. The Hysitron Triboindenter utilizes a feedback loop to exe-
cute depth-controlled indentation regime. The values l0 = 50 MPa
and a = 9.1 are determined by ﬁtting the FE results to the experi-
ments. The large difference between the properties of the samples
produced in different batches is not surprising in view of the re-
sults shown in Fig. 2. It is also within the range of experimentally
observed properties we reported earlier (Qiu et al., 2011a). In gen-
eral, CNT turfs exhibit a great variability and the controlled manu-
facturing method is still an open problem.
The results shown in Fig. 6(a) indicate a satisfactory ﬁt. A nota-
ble exception is the sharp change in the slope during computa-
tional unloading (point c1 in Fig. 6(a)). This ‘‘elbow’’ is the result
of our neglecting the time-dependence of adhesion at the contact
between the turf and indenter. The constant surface energy (10)
leads to a constant contact area during the initial stages of unload-
ing (segment c-c1 in Fig. 6(b)). The contact radius is deﬁned by the
maximum tensile traction. During the initial stages of unloading in
regime c-c1, the contact radius remains constant but the size of the
region under tensile tractions increases, leading to sharp drop in
the indenter load (positive in compression). With further unload-
ing, the turf begins to peel-off from the indenter and the start ofthe peel-off is seen as the sudden change in slope at c1 in
Fig. 6(a). Recent experiments performed in our group (Qiu et al.,
2011b) combine the nanoindentation with electrical conductivity
measurements. The results indicate that while the nominal contact
size remains constant in the early portions of the unloading, the
length of tubes in contact decreases, thus gradually weakening
the contact. The subsequent peel-off is therefore more gradual,
so that the experimental load–displacement curve appears smooth,
without sudden change in slope.
6. Summary and discussion
The nanoindentation experiments reveal that, under localized
loading, CNT turfs exhibit highly compressible foam-like behavior
with viscous relaxation as the result of thermally activated sliding
of contacts. The deformation is shown to be fully mechanically
reversible (viscoelastic) under moderate strains. The isotropic
hyperfoam material model with a Kelvin–Voigt relaxation compo-
nent serves as a ﬁrst approximation.
The parameters in the hyperfoam model and the Kelvin–Voigt
model are determined from experimental observations and by ﬁt-
ting the FE results with the nanoindentation experiments. The Ber-
kovich indenter tip is modeled with an equivalent conical indenter
and the interaction between the turf and indenter is represented
using Lennard–Jones type of contact law. The contact law is mod-
iﬁed to account for the increased range of the interactive forces due
Fig. 6. (a) Comparison between FE results and depth-controlled nanoindentation experiments. (b) Contact radius as a function of indentation load. (c) Loading regime for
depth-controlled experiments. (d) The loading mechanism of the Hysitron Triboindenter.
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ble damping forces to resolve the unstable jump-to-contact and
pull-off between the interacting surfaces.
We compare our computational results to two types on nanoin-
dentation experiments: load-controlled nanoindentation with
blunt (spherical cap) indenter, and depth-controlled nanoindenta-
tion with a sharp indenter. The ﬁnite element results demonstrate
that a continuummodel of the nanotube turf is capable of capturing
the mechanical behavior under moderate strains seen in both the
load-controlled and depth-controlled experiments. The minor dif-
ferences during the unloading portion are the result of: (a) approx-
imation of the Berkovich three-sided pyramid with cone, and, (b)
the absence of contact creep in the FE model.
In contrast to nanoindentation results, CNT turfs exhibit irrevers-
ible reorientation of CNTs and collective buckling of a layer. While
we do not consider that case in this paper, nano-scale simulations,
intended to reveal the mechanisms and the intrinsic length scale
associatedwith this behavior, are underway in our group. Neverthe-
less, the question ofwhy such collective buckling does not occur un-
der localized load can perhaps be answered at this time. Buckling of
nanotubes will be irreversible only if it involves collective rear-
rangements of large number of segments, i.e., large volume. In con-
trast, buckling of a single segment with ﬁxed ends (contacts) is
expected to be fully reversible. Even if the ends (contacts) slide, they
can slide back under reversed loading if the topology of the seg-
ments is not changed. Only the changes in topology (connectivity)
are expected to yield mechanically irreversible behavior. Under
localized loading, the segments in a small affected volume buckle,
but the changes in topology are minimal or nonexistent, hence the
mechanical reversibility.Acknowledgments
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